In this work, we present the coexistence of self-organized criticality (SOC) and low-dimensional chaos at solar activity with results obtained by using the intermittent turbulence theory, the nonextensive q-statistics of Tsallis as well as the singular value decomposition analysis. Particularly, we show the independent dynamics of sunspot system related to the convection zone of sun and the solar flare system related to the lower solar atmosphere. However, both systems reveal nonequilibrium phase transition process from a high-dimensional intermittent turbulence state with SOC profile to a low-dimensional and chaotic intermittent turbulence state. The high-dimensional SOC state in both dynamical systems underlying the sunspot and solar flare signal is related with low q-values and low Flatness values (F ) while the low-dimensional chaotic state is related with higher q-values and Flatness F -values. The higher q-and F -values reveal strong character of long-range correlations corresponding to system-wide global process while the lower q-and F -values reveal scale invariant local avalanche process. Also, the high-dimensional SOC state corresponds to second order nonequilibrium critical phase transition process while the low-dimensional chaotic state corresponds to first order nonequilibrium phase transition process. Finally, for both dynamics underlying sunspot index and solar flare, at both states of phase transition process, the multiscale and multifractal character was found to exist but with different profile or strength.
Introduction
Solar activity includes the sunspot dynamics in the photosphere as well as the solar flare dynamics at the base of corona in active regions above the photospheric activity. Usually, both dynamics are considered to be a unique process as the photospheric sunspot dynamics induces the solar flares, while both of these processes are caused by the generation and evolution of the solar magnetic field inside the turbulent convection zone. However, while sunspot and solar flare dynamics are closely related, they are also two discrete dynamics corresponding to different regions of the solar system with different physical characteristics. The sunspot dynamics belongs to the high-β turbulent convection zone region of the solar system, while the solar flare dynamics belongs to the low-β solar atmosphere. The transmission of magnetic energy couples the solar convection zone with photosphere, chromosphere, corona and interplanetary space, after heating the corona and driving explosive phenomena and flows [Vlahos, 2002] . During the last years, solar activity was related to two discreet dynamical processes, chaos and self-organized criticality. Lowdimensional chaos for the solar activity was supported theoretically and experimentally by many scientists [Palus & Novotha, 1999; Polygiannakis et al., 1996; Feynman & Gabriel, 1990; Letellier et al., 2005; Pavlos et al., 1992] . Self-organized criticality process for the solar activity was supported also theoretically and experimentally by many scientists [Vlahos & Georgoulis, 2004; Lu & Hamilton, 1991; Vlahos et al., 1995; Vassiliadis et al., 1998; de Archangelis et al., 2006; Hughes et al., 2003; Charbonneau et al., 2001] . The coexistence of SOC and chaos in the solar activity was supported for the first time by Karakatsanis and Pavlos [2008] and Karakatsanis et al. [2011] . Intermittent turbulence at the solar activity was supported also by [Uritsky, 2007; Karakatsanis et al., 2011] , as well as MHD turbulence by [Boffetta et al., 1999] . As we present in the next sections, the high-β convection zone or the low-β solar turbulent atmosphere reveal characteristics such of statistical nonextensivity. The far from equilibrium distributed nonlinear dynamics can reveal turbulence as a broad range of interacting space and time scales and multiscale features. Time series data extracted from the dynamics of such systems reveal common characteristics such as heavy tails, Levy flights and strong intermittency. From the dynamical point of view the multiscale properties suggest fractal or multifractal structure generated by chaotic dynamics. Structure functions (SF) and probability distribution functions (PDF) estimated for the experimental signal can reveal significant dynamical characteristics of the underlying processes.
Statistically second order moments, auto and cross-correlation functions, or Hurst exponents can fully characterize the Gaussian turbulence and its scale-invariance or self-similarity. In the case of Gaussian turbulence, the structure functions of random plasma fields
3 power spectrum. For the intermittent turbulence, the turbulent eddies are not-space filling but at all scales occupy only a fraction of the volume element and observations indicate departure from Kolmogorov universal scaling law referred to as intermittency corrections [Politano & Pouquet, 1995] .
Similar departure from the Gaussian character of PDF can be observed for the turbulent solar plasma state indicating its intermittent character. For magnetized nonequilibrium plasma (MHD systems) intermittency appears in the heavy tails of the probability distribution functions implying nonGaussian statistical behavior. Recently the Tsallis nonextensive statistical mechanics has been applied at solar magnetic activity [Burlaga & Ness, 2009] . Freitas and Medeiros [2009] performed an analysis for the daily sunspot numbers, the mean magnetic field strength and the total solar irradiance means in the context of Tsallis q-triplet theory [Tsallis, 2009] . In their study, Freitas and Medeiros showed the nonextensive metastable deviation of the solar dynamics from the thermodynamic thermal equilibrium state corresponding to Boltzmann-Gibbs extensive statistics. The nonextensive entropy generalization of the classical statistical theory proposed by Tsallis [1988] can be linked to the fully developed turbulence providing a relation between nonextensivity, intermittency and multifractality of the turbulent eddies. The classical statistics of Boltzmann-Gibbs is caused by the short ranged microscopic interactions and the memory of the physical system as well as by the Euclidean spacetime which is supposed to be a continuous and differentiable manifold. Spatial or temporal nonlocal interactions evolving in a non-Euclidean and multifractal spacetime causes the nonextensive behavior described by Tsallis statistics. With regard to nonequilibrium plasma astrophysics, the nonextensive Tsallis entropy generates power-law distributions caused by long-range correlations and spatiotemporal complexity.
In this study, we present new results concerning the sunspot and solar flare dynamics which indicate the first and second order phase transition processes related to nonextensive statistical character of solar dynamics manifested in both cases. Our results reveal a unified character of the solar activity dynamics which includes low-dimensional chaos and SOC as different dynamical states corresponding to first and second order phase transition processes. In the later part of this work, we present theoretical concepts and the methodology of data analysis and results (Sec. 2) and finally the summary and discussion (Sec. 3).
Data Analysis and Results
In this section, we present results concerning the sunspots and solar flares time series extracted by the application of an extended nonlinear analysis algorithm, presented in previous studies by [Pavlos et al., 2004; Athanasiu & Pavlos, 2001; Pavlos et al., 2010; Karakatsanis et al., 2011] . Particularly, our analysis includes the following: 
Tsallis q-statistics for solar activity
Spatiotemporal chaotic or SOC states with intermittent turbulent character extremize the Tsallis entropies creating non-Gaussian stationary probability densities [Arimitsu & Arimitsu, 2004] .
The q-generalization of the classic BoltzmannGibbs entropy
in its continuous form with q ∈ R and S 1 = S βG . The Tsallis entropies S q reach their maximum at the distributions usually referred to as q-Gaussians [Umarov & Tsallis, 2007] . The q-Gaussians are given by the function:
where C q is the normalizing
The q-exponential and qlogarithm are defined respectively as:
The classic statistics of Boltzman-Gibbs (BG) corresponding to q = 1 is caused by the infinite dimension microscopic chaos of thermal equilibrium. The extension to q = 1 statistics by Tsallis corresponds to far from equilibrium self-organized states where long-range correlations can be developed. The longrange correlations produce the nonextensive character of Tsallis entropy such that
for given subsystems A and B in the sense of factorizability of the microstate probabilities. Hence nonlocality or long-range interactions-correlations are introduced by the multiplicative term accounting for correlations between the subsystems. The classic BG statistics corresponds also to simple diffusion process described by linear Fokker-Planck equation. The generalized nonextensive Tsallis statistics corresponds to anomalous (super or sub) diffusion phenomena related to nonlinear fractional FokkerPlanck equations [Tsallis, 2002] . Also the Tsallis index q is related to the intermittency exponent included in the Fourier transformation of the dissipative correlation function transforming the Kolmogoroff spectrum In order to test the hypothesis of nonextensive statistical mechanics concerning the solar activity, we use the q-Gaussians estimated for the sunspot and solar flare signals. For the estimation of q-Gaussians related to Tsallis (or q-) probability distribution function (q-PDF) that describe meta-stable or stationary states, we use the q-algebra introduced by [Tsallis, 2002] . For the experimental estimation of q-values we follow [Umarov & Tsallis, 2007] and [Ferri et al., 2010] , by using the relation
, where
. For q = 1 the qstatistics of Tsallis recovers the standard theory of Boltzmann-Gibbs statistical mechanics as the q-Gaussians in the limit q → 1 become ordinary Gaussian. The suitable q-value for the stationary state can be obtained from the PDF associated with the first difference ∆Z = Z n+1 − Z n of the experimental time series. The ∆Z-range is subdivided into efficient number of bins or cells in order to estimate the PDF p(
where N is the cell number and P (z i ) is the probability for ∆Z to fall within the ith cell. The q-value corresponds to the best fitting to the graph ln original solar flare signal the q-value was found to be q = 1.72 ± 0.02 and for the high pass filtered solar flare signal was found to be q = 1.83 ± 0.076. Summarizing the previous results concerning the q-statistics, we can report the following:
• It is clear for both cases of solar signals the nonextensive character of the statistics with q-values clearly different than the value q = 1 corresponding to the higher classical Boltzman-Gibbs statistics.
• In the case of Sunspot index the q-value estimated for the filtered signal is clearly higher than the q-value estimated for the original signal.
• As regards to the solar flare signal, the q-value is clearly different and higher than the value q = 1 indicating the nonextensive character of statistics. Moreover the q-value estimated for the filtered signal is clearly higher than the q-value estimated for the original signal.
• Moreover, we can observe that the estimated q-values are significantly different for the two cases of the Sunspot and Solar Flare indexes. Particularly observed, for the original as well the filtered signals, were the q-values higher for the solar flare index and lower for the sunspot index.
SVD analysis of the sunspot index
Singular Value Analysis (SVD) has been used in previous studies by Pavlos et al. [1999] and Athanasiu and Pavlos [2001] , for the discrimination of distinct dynamical components of the underlying to the experimental time series physical process. For this, we decompose the original signal X(t) to its SVD components V i (t) according to the relation
where every V i (t) is given by the first column of the matrix XC i C T i , X is the trajectory matrix in the reconstructed phase space analyzed to three-component according to the relation X = S C T . The matrices S and C are constructed by the eigenvectors of the structure matrix XX T and the covariance matrix X T X correspondingly and is constructed by the singular value spectrum:
= diag[σ 1 , σ 2 , . . . , σ n ], where σ i are the common eigenvalues of the structure and covariance matrices [Broomhead & King, 1986] . The deterministic components V i (t) of the observed time series can be obtained by using only singular values greater than the noise floor.
Figures 3(a) and 3(b) present the singular value spectrum estimated for the original signal of the sunspot index, its first V 1 SVD component and its higher SVD component V 2−10 = i V i , i = 2-10. As we can observe here, the first singular value σ 1 corresponding to the first SVD component V 1 is much higher than the second singular value {σ 2 } while the others singular values {σ 3 , . . . , σ 10 } belong to the noise level. However, the singular value spectrum of the higher SVD components V 2−10 , reveals clearly different and normal profile with at least three singular values above the noise level. These results indicate two distinct dynamical processes corresponding to the V 1 and V 2−10 SVD components. In the case of the high pass filtered signal, the singular values spectrum of its first SVD V 1 component shown in Fig. 4(b) , is similar to the spectrum of the V 2−10 spectrum of the original sunspot signal, with normal profile of three singular values above the noise level. The existence of two distinct dynamical components underlying the sunspot index can be further supported by the estimation of the correlation dimensions of the SVD components of the original and the high-pass filtered sunspot signal.
The correlation dimension D m can be used in order to discriminate between the dynamical character of the saturation profile of the slopes and the saturation of the slopes caused by the stochastic fractality of the time series, we follow the method of [Theiler et al., 1991; Theiler, 1992] . We estimate the correlation integrals by excluding the time correlated state points and we compare our results with corresponding results estimated for surrogate data. The surrogate data are produced by white noise data in order to mimic the original time series in terms of their autocorrelation function and probability density function . In order to provide information for the dynamical degrees of freedom of the dynamics, we estimated the slopes D m of the correlation integral C m according to [Grassberger & Procaccia, 1983] and their corresponding surrogate data. Also there is no profile of low value saturation of the slopes at small values of the radius r. However the higher SVD components reveal different behavior. First, there is clearly a tendency for low value saturation of the slopes at value D < 5, while the slopes of surrogate data increase continuously as the embedding dimension changes to high values. The above distinct behavior of the first V 1 and the higher V 2−10 SVD components concerning the correlation dimension reveal also the existence of two dynamical components underlying the sunspot index. The first dynamical component corresponding to the V 1 SVD component is high dimensional and stochastic, while the second corresponding to the V 2−10 SVD component is low dimensional. The low-dimensional dynamical character of the underlying dynamics to the sunspot time series becomes more apparent at the high pass filtered signal. Figures 5(e) -5(h) are similar to Figs. 5(a)-5(d) but for the high pass filtered signal. Now, for all the SVD components there is clearly low value saturation profile of the slopes, clearly discriminated from the slope profile of the corresponding surrogate data. This result reveals the possibility of the filtering to exclude the high-dimensional dynamical component included at the original signal which is possible to discriminate the low-dimensional dynamical component.
The discrimination between the two distinct dynamical components underlying the Sunspot index can be done also by studying the nonGaussian profile after the estimation of the Flatness coefficient (F ). The flatness coefficient is estimated by using the two-point difference δB τ (t) = B(t + τ ) − B(t) of the observed time series according to the equation: F = δBτ (t) 4 δBτ (t) 2 . For Gaussian processes, the probability distribution function (PDF) of the δB τ (t) time series follows the classic Gaussian profile, and flatness coefficient is F = 3 for every value of delay τ . For non-Gaussian processes the flatness coefficient takes values higher than 3 (F > 3). The non-Gaussian profile corresponds to deterministic processes, while when the time series is extracted from spatially extended dynamical systems nonGaussianity corresponds to spatiotemporal intermittent and multifractal turbulence process. Figures 4(a)-4(c) show the flatness coefficient estimated during long time periods for the high pass filtered signal [ Fig. 4(a) ], the first SVD component (V 1 ) and the higher SVD component (V 2−10 ). For the V 1 SVD component the mean value F ≈ 3.24 [ Fig. 4(b) ] revealing nearly-Gaussian process. In the case of the filtered signal as well the higher SVD component (V 2−10 ) the mean values F ≈ 5.40 [ Fig. 4(c) ]. These results clearly reveal two distinct dynamical components underlying the original sunspot index, one which is clearly a nearly-Gaussian process related to the V 1 SVD component and the other which is strongly nonGaussian related filtered signal as well for the higher SVD components.
Summarizing the previous results obtained by the SVD analysis of the sunspot index, we notice the coincidence of these results and the results concerning the q-statistics method. The q-statistics showed clearly two distinct dynamical components underlying the sunspot index similarly with the results concerning the correlation dimension and the flatness coefficient of the SVD decomposed sunspot index. Particularly, the high-dimensional dynamical component related to the V 1 component reveals low q-values (q = 1.51 ± 0.02) and low F -values F ± 3.24. However, the other dynamical component related to the V 2−10 SVD component reveals high q-values (q = 1.70 ± 0.005) and high F -values F ≈ 5.40.
SVD analysis of the solar flares index
Figures 2 F value was found to be F ≈ 15, 5 and F ≈ 12, 46 respectively revealing clearly non-Gaussian and intermittent process.
Summary and Discussion
In this study, we have applied three independent kinds of tools: the q-statistics of Tsallis, the SVD decomposition of signals and the flatness coefficient for studying the sunspot and the solar flare time series corresponding to the solar activity during long time periods. As we have presented, these signals are associated with two distinct regions of the solar system, the sunspot index describes the dynamics of the convection zone and the solar flare time series corresponds to the lower solar atmosphere. These systems are strongly interacting, but as we show here they are physically differentiated. The sunspots are produced by physical process in the high-β turbulent convection zone, while the As we noticed in Table 1 the q-and F -values are clearly different between the sunspot index and the solar flare time series in both cases of the original signals and their high pass filtering. Similar significant differences between sunspots and solar flares were observed also by using the SVD analysis, also presented in Table 1 . Particularly the q-and F -values of the Solar Flare time series are clearly higher than the q-and F -values of the sunspot index in every case indicating stronger non-Gaussianity and nonextensivity character of the solar flare dynamics than the sunspot dynamics.
After this, the novelty of this study is summarized as follows:
• There is significant differentiation of the underlying sunspot and solar flares dynamics • We have shown the strong differentiation of the nonextensivity character of the solar dynamics in both subsystems underlying the sunspot and solar flare signals • The SVD analysis and the q-statistics of Tsallis were observed, strongly supporting the concept of coexistence at the solar dynamics of two clearly discriminated dynamical processes: the high-dimensional SOC solar process and the low-dimensional solar chaos in both cases of the photospheric dynamics and the lower corona dynamics.
Moreover, we believe that the theoretical point of view consistent with our results presented in this study is the mechanism of a global nonequilibrium phase transition process from high-dimensional stochastic states related with second-order phase transition to low-dimensional chaotic states related to first-order phase transition process. This mechanism of global nonequilibrium phase transition process has been supported also for the magnetopsheric substorms [Sitnov et al., 2000; Pavlos et al., 2009 Pavlos et al., , 2010 as well as at sand-pile models of laboratory or astrophysical plasmas with dual scaling regimes [Chapman et al., 1999] . According to these studies, the high-dimensional stochastic dynamical states correspond to periods of weak activity of the system as the system is naturally driven to a scalefree state with local and internal bursts of bulk flow events. However the low-dimensional chaotic states correspond to periods of strong activity with global or system wide energy release processes. The global nonequilibrium phase transition supported here for both solar subsystems, the convection zone and the lower solar corona, may be caused by external system physical parameters related to the input process in each system of the local solar subsystems. For the case of sunspot system, such a candidate is the internal convective zone turbulence dynamics related to the general solar dynamo process, but for the solar flare system the externally driven global system causing wide processes is the sunspots outer magnetic activity.
